Motivated by cosmological questions on almost FLRW models, we describe global properties of (vacuum) perturbations of the K = −1 (vacuum) Robertson-Walker solution, stressing in rigorous and precise estimations of the decay of the gravitational energy seen by a set of Hubble observers (Constant Mean Curvature (CMC) gauge) and its effect in the the universe deceleration. For that purpose we find and examine the Friedman-Lemaître equations for the volume averaged cosmological parameters in a general material CMC setting. The technique to extract the estimates is general and may be applied to the standard matter models in cosmology. We present a smoothing property of the perturbations which tells that the long time H 3 × H 2 stability implies H i+1 × H i stability independently of how big the initial state
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Motivated by cosmological questions on almost FLRW models, we describe global properties of (vacuum) perturbations of the K = −1 (vacuum) Robertson-Walker solution, stressing in rigorous and precise estimations of the decay of the gravitational energy seen by a set of Hubble observers (Constant Mean Curvature (CMC) gauge) and its effect in the the universe deceleration. For that purpose we find and examine the Friedman-Lemaître equations for the volume averaged cosmological parameters in a general material CMC setting. The technique to extract the estimates is general and may be applied to the standard matter models in cosmology. We present a smoothing property of the perturbations which tells that the long time H 3 × H 2 stability implies H i+1 × H i stability independently of how big the initial state was in H i+1 × H i , i.e. there is long time smoothing of the space time a . Finally we discuss the existence of initial "big-bang" states of large gravitational energy, showing that there is no mathematical restriction to assume it to be low at the beginning of time.
a The word smoothing here is referred to the decay toward zero of the space time Bel-Robinson curvatures (and therefore of the derivatives), and not to a gain in Sobolev regularity as in usual PDE terminology.
Introduction
Besides the theoretical significance of getting precise estimates of long time perturbations of the K = −1 FLRW 2 cosmologies, there is also the cosmological interest of understanding almost FLRW models, i.e. models which are not exactly homogeneous and isotropic [E-vE] . When we speak about (almost) homogeneity and (almost) isotropy in compact universes we are referring them to the universal cover solution. Although observation shows galaxy distribution to be in a good extent homogeneous and isotropic, small deviations around perfect homogeneity and isotropy may be and may have been of considerable significance in the universe's evolution (see for instance [B2] for a discussion). An obvious observation about the FLRW models is that they do not have any pure gravitational degree of freedom besides the gravitational field generated by the matter present. This fact can be seen by making ρ = p = 0 and observing that in that case the FLRW solutions are flat for K = 0, −1 and 1 e-mail: reiris@math.mit.edu 2 Friedman-Lemaître-Robertson-Walker nonexistent for K = 1. On compact cosmologies, the flat K = −1 solutions (hereby called flat cone as they are quotients of a future Minkowskian light cone) is infinitely expanding, while for K = 0 it is just a flat three-manifold invariant in time. In the case of non homogeneity and isotropy there is no way to define what part of the gravitational field is generated and what part is free, as those properties (if anything) would be potentially defined only in special solutions or in asymptotic regimes.
There are simply two fields interacting, gravitation and matter. One purpose of this article is to start a detailed quantitative study of the role of the gravitational component of the total energy in the global cosmological evolution. We will discuss here the case of compact K = −1 FLRW cosmologies motivated by the work in [R] which asserts that the long time evolution of cosmological solutions with three-dimensional topology having negative sigma constant 3 σ(Σ) and bounded space time curvature decay (roughly speaking) at cosmological scales into a disjoint union of K = −1 Roberson-Walker solutions possibly with cusps (see [R] for details).
The standard K = −1 FLRW cosmology describes the universe history by the evolution of the densities and pressures of the different type of (averaged) matter present, starting from a "big-bang"
where the densities and space time curvature blow up towards an infinitely expanding universe where the densities and the space time curvature decrease toward zero, at the particular rate according to their matter type. Such a description is possible thanks to the solution's homogeneity and isotropy which reduce the Einstein equations into a set of ordinary differential equations for the matter densities and the universe radius. This advantageous situation to describe and predict the univese evolution changes significantly when there is no homogeneity and isotropy even in the case of small deviations from them. The first problem one faces to describe almost FLRW cosmologies is to find a physically useful gauge, one from which one may read the physically invariants but avoiding the gauge dependent and spurious effects of the coordinates chosen ((3+1)-decomposition) and that restricts to the standard (3+1)-decomposition (the usual commoving coordinates) when the solutions is homogeneous and isotropic. The second is to find a natural definition of radius in such a way that its logarithmic time derivative gives a reasonable definition of the Hubble parameter (see [E-vE] for a discussion of those problems). We will take as a 3+1-decomposition the CMC gauge and the universe's radius a the third root of the volume V (see [B1] for a similar approach but in a different gauge). We will find that (formally) all the observers will measure at the same instant of time (same slice) the same
3 (where k is the mean extrinsic curvature) thus providing to the CMC gauge the name of Hubble gauge. The CMC gauge is perhaps one of the most important gauges to consider in cosmology in the sense that its foliation is characterized intrinsically as the unique one with compact slices having the same normal growth of the local volume at each point and equal to 3 The sigma constant is an invariant of compact manifolds defined as the supremum of the scalar curvature of unit volume Yamabe metrics. In dimension three it is a topological invariant, and manifolds of negative sigma constant are in some sense the most populous (see for instance [A1]) 3H. Thus it makes a close (and in a volumetric sense the closest) connection with physical invariant observables as for instance the Cosmic Microwave Background Radiation flow. As said before we will define cosmological parameters in volume average. One example of those is proper time, which as a function of H is defined through the equation
where N is the lapse function corresponding to the choice of time t = −3H = k in the Einstein equations. The second Friedman-Lemaître (FL) equation in this setting will read as (we will take the speed of light c = 1)
whereK is the traceless part of the second fundamental form K, primes are proper time derivatives 
we observe the appearance of the weight term N and a gravitational kinetic energy-pressure term of |K| 2 which is fundamental. It is thus of significant interest to have accurate estimates on N andK for general solutions and in a norm suitable to get conclusions on their influence in equation 2. We will see later a reformulation of this equation in terms of the Newtonian potential only. In this article we will discuss the simplest case of vacuum solutions asymptotic to the flat cone solution, i.e. with no matter.
Those techniques can easily be extended to include the (already averaged) standard matter models in cosmology. In connection with this we will prove the following estimates on the Bel-Robinson energies Q i and the kinetic gravitational energy Σ |K| 2 dv g which serve to estimate the gravitational field on the long time for solutions with initial data with Hubble parameter H = 1 and close to the standard flat cone initial state (g H , −g H ) (where g H is the unique hyperbolic metric in Σ) in the Sobolev space
This condition of small data states is written in terms of the reduced volume V = H 3 V and the first two BR energies E 1 = Q 0 + Q 1 as they can be proved to be equivalent [R] . 
The estimate in items 3 and 4 in theorem 1 says that in some averaged sense the kinetic gravitational energy term decays with a rate between the radiative t −1 and the faster t −2 . It would be interesting to improve (if possible) the estimate from below in item 3. We must worn however against any easy
conclusion when it comes to analyze the importance of gravitational energy in the present universe (assuming either that it is of K = −1 FLRW type or that the analysis here also applies to the right model of the actual universe). The amplitude of the gravitational field may be locally weak (say in the size of the solar system) but may be spread over long distances (say on the size of clusters of galaxies) and their effect at large scales be detectable and considerable. The only way to analyze the actual content of the gravitational energy in the universe is by contrasting the model's solutions against observation. It is important to mention too that the rate of decay of the derivatives, or in other words, the rate at which the space time is smoothing may be a disctintive feature of the topological type of the space like Cauchy manifold and therefore a physical phenomenon ,possibly measurable, where the topology manifests.
The contents and sections are organized as follows. In section 2 we introduce the main equations for the Einstein-CMC flow as well as Bel-Robinson energies and their main formulae. In section 3 we introduce the average cosmological parameters and the Friedman-Lemaître equations in this setting.
The treatment has no restriction on the sort of matter. We introduce the Newtonian gravitational potential φ, its Poisson-like equation and reformulate the FL equation with it. It turns out that the Newtonian potential is the main field to estimate when the purpose is to estimate the universe deceleration and the Hubble parameter as a function of red shift z. In section 4 we introduce a CMC global energy and relate it with the ADM energy in the weak field limit when the universe infinitely expands. In fact in a broad scenario it can be seen to be asymptotic to the actual total mass in the long time if as we observe today the universe aggregates in a set of compact bodies (galaxies for instance) separating from each other. It is from these facts and the FL equations that we interpret the term Σ |K| 2 dv g /4πG as the kinetic gravitational contribution to energy-pressure. We will use the CMC energy to estimate the cinetic gravitational energy in section 5. Also in section 5 where we prove the main estimates of theorem 1. The technique may be thought as estimating the gravitational field = V H , where V H is the volume of the unique hyperbolic metric that Σ supports. We will relate its monotonicity with the universe deceleration caused by gravitational energy. It is possible to give a qualitative understanding of the universe evolution by making use of the gravitational energy and its first derivative. Although the reduced volume can be used to prove much deeper results we will leave the discussion only superficially treated here.
2 The CMC flow equations and the Bel-Robinson energies.
The CMC flow. In this section we consider the formal setup of the Einstein CMC flow equations. A detailed account can be found in [R] . Consider Σ a compact hyperbolic three-manifold. A cosmological solution to the Einstein equations with compact Cauchy surface Σ is formally a Lorentz metric g on a four manifold of the form I × Σ (where I is a interval) and where the equal time hypersufaces Σ t are space-like i.e. the induced metric is Riemannian. If the mean extrinsic curvature (k = tr g K)
is constant on each slice of the foliation {Σ t } then we say that the cosmological solution is in the (temporal) CMC-gauge. When the spatial topology is a hyperbolic manifold the mean curvature k cannot be zero (due to the energy constraint and the fact that Σ doesn't accept metrics of non-negative scalar curvature) and it can be proved to be strictly monotonic over a unique and connected interval.
For a three manifold of hyperbolic type in particular it is conjectured that the CMC foliation has a range of k equal to I = (−∞, 0), i.e. from a "big-bang" when H → ∞ towards an infinitely expanding universe when H → 0. Say ∂ t = N T + X where T is the unit normal to the slices and t = k. Write the four metric as
where g is the spatial three dimensional metric. N is called the lapse and of course measures the rate of proper time with k (locally). X is called the shift vector field and can be chosen freely but compatible with the regularity. For a discussion of the initial value formulation in the CMC gauge we reffer the reader to [R] . We call the path (g, N, X)(k) the CMC flow. A CMC state is a pair positionnormal velocity (g, K) (where K is the second fundamental form and is equal to
Thus the CMC flow gives rise to a flow of position and velocities (g, K)(k). With this notation the Einstein equations
can be seen as CMC flow equations (taking t = k) as
Hamilton-Jacobi equations
2. Constraint equations (energy and momentum respectively)
3. Lapse equation (deduced from equations above)
The T-term in the right hand side of equation 8 must be thought to be restricted to Σ. Also as usual
is the average of the principal pressures. In equation
Finally the speed of light was taken to be c = 1.
The Bel-Robinson energy and the space time curvature. We will measure the L 2 norm of the space time curvature relative to the CMC gauge. We will also need to measure the L 2 norm of their time derivatives relative to the normal direction to the CMC foliation. There is a remarkable way to introduce them and it is by means of Weyl fields. Although we won't discuss Weyl fields in detail as there are very accurate references on the subject ( [CK] ), we will mention the most used properties here and briefly elaborate on their conceptual importance as variables controlling the gravitational field.
Definition 1 A Weyl field is a traceless (4, 0) space time tensor satisfying the symmetries of the curvature tensor Rm. We will denote them by W abcd or simply W.
The Riemann tensor of a vacuum solution to the Einstein equations is a Weyl field that we will denote as Rm = W 0 . Let T be the normal field (future pointing) to the CMC foliation. Then
Together with the volume radius and the L 2 norm of the second fundamental form K they are an important set of variables that control the gravitational field (i.e.
the metric g relative to the foliation) see [R] . A central advantage for taking them as variables is that they enjoy remarkable algebraic properties that simplifies the space time algebra considerably. We discuss the main formulae below. 
Define the current J and its dual J * as
For the Riemann tensor in a vacuum solution to the Einstein equation we have J = J * = 0 due to the Bianchi equations. This is a central fact that will be of fundamental importance latter. We also have
The L 2 norm with respect to the foliation will be defined through the Bel-Robinson tensor. Given a Weyl field W define the Bel-Robinson tensor
It is symmetric and traceless in all pair of indices and for any pair of timelike vectors T 1 and T 2 , CK] ). In particular we define the L 2 norm of W with respect to the foliation as Q(T, T, T, T ), is seen to be the L 2 norm of the electric and magnetic fields of W that are defined as
i.e. Q(T, T, T, T ) = |E| 2 + |B| 2 . They are symmetric, traceless and null on the T direction. For the Riemann tensor in particular we have
and
The following formulae provide the components of a Weyl field with respect to the CMC foliation in terms of the electric and magnetic fields (i, j, k, l are spatial indices)
The divergence formula
and therefore
gives the Gauss equation
where Π ab =∇ a T b is the deformation tensor and plays a fundamental role in the tensor algebra. In terms of the electric and magnetic fields the components of Q abT T are written as
We see therefore that controlling J and J * in L 2 and Π in H 2 is enough to control the L 2 norm of the Weyl field. The following formulas are essential when it comes to get Sobolev estimates of the Weyl
where the operations ∧, × are defined as
The equations above are an example of so called elliptic Hodge systems ( [CK] ). In particular under basic regularity of the background metric they make possible to get elliptic estimates.
Scaling. Scaling is an important operation that allows us to speak like "looking the system at a particular scale". It is a different operation of course than scaling the coordinates system, as scaling a solution changes the solution but scaling a coordinate systems doesn't. Both transformations are however important when used simultaneously.
Definition 2 Given a solution g to the Einstein equations, we call λ 2 g the solution g at the scale of 1 λ and we call λ the scale factor.
We say that a CMC state (g, K) is cosmologically scaled (or normalized) if k = −3 or the same H = 1 as we will see the Hubble parameter H is equal to −k 3 . In general given an state (g, K) giving rise to a solution g we can rescale it as k 2 9 g that transforms the state (g, K)(k) into a cosmologically normalized state (
Therefore an state (g, K) has a cosmological scale of
is a CMC state, and say U is some space time tensor constructed out of g that we are looking on the k-slice. The corresponding values of U on the same slice when we cosmologically scale the state (g, K) will be denoted with a tilde (either above or next to it), sayŨ or
In a CMC flow (g, K)(k) we can cosmologically scale the solution g at every k getting thus a flow of normalized states (g,K)(k). In the flat cone case the cosmologically scaled flow is just (g H , −g H )(k) and what we will call stability of the flat cone will be the stability of the cosmologically scaled solutions. In general a space time tensor will scale as λ s U for some weight s, thereforeŨ will be justŨ = (
−k
3 ) s U . We will indistinctly use −k 3 or H as the scale factor λ. The following table shows how some main tensors transform when g → λ 2 g.
φ is the Newtonian potential defined below.
3 Averaged cosmological parameters.
Definition 3 We will define the radius of the universe at an "instant" of time (k) in a non perfectly homogeneous and isotropic cosmology as a = V 1 3 , we will also define the averaged proper time as a function of k by the formula 
or making e = 4πG(ρ + 3p) + |K| 2 ∆φ = e + (e + 3H 2 )φ.
From the Maximum principle it is seen that −1 ≤ φ ≤ 0. Observe too that φ is an absolute potential, i.e. there is no ambiguity in the level of energy in its definition (as can be deduced from the unicity of solutions in equation 36) and observe also that it is scale invariant. As defined here the Newtonian potential of course coincides with the usual Newtonian potential in the weak field Newtonian regime 
Equation 36 is fundamental to understand the dynamics of the gravitational field and its analysis extracts among other things the time at which Newtonian dynamics appears, i.e. when is that gravitation gets ruled by classical Newtonian potentials at large scales, certainly a central question to consider.
The Hubble parameter H is computed by
thus H = −k 3 . Note also the local validity of the formula in the sense that the logarithmic expansion of the volume element dV g in the normal direction to the CMC foliation at every instant of time is also −k. The Friedman-Lemaître equations in this setting take the form 1.
2. a
Where N = N N (bar denotes volume-average) and has average equal to one. The first FL equation is just the average of the energy constraint
To get the second FL equation we observe that
On the other hand from the Poisson (or lapse equation) we get after integration
Equations 43, 44, 45 together give equation 41.
The FL equations in this setting should be compared with the classical FL equation in a perfect homogenous and isotropic cosmology. We recall that in them the standard choice of radius is a 3 = V VH . With the choice as above a 3 = V the standard FL equations are
We observe that in the first FL equation 40 instead of the curvature term −K(
we have the term
where the first factor in the last term of the previous equations is scale invariant and therefore equal to V 2 3
H for any metric scaled from the hyperbolic metric (so is close to it for any metric scaled from a metric close to a hyperbolic metric). Unfortunately the use of the averaged FL equations is not as simple as in the perfect FL case, and estimations of each of the terms must be done using the field equations. It is important that the cosmological parameters can be calculated by using only the Newtonian potential φ, in fact
or
This equation can be used to get an equation for H as a function of red shift 1 + z = (where of course V is the present volume and V (Z) is the volume at the corresponding red shift). The relation
The equation may be used too to draw qualitative conclusions on the H(z) dependence according to the gravitational regime at the time. One also obtains
Of course one needs to estimateφ as a function of τ , z or H to make use of the equations above.
A note have to be said with respect to the determination of the actual volume V of the universe.
The FL equations are able to determine only V VH . For instance in a standard FLRW model we read equation 46 in the form
where V inf = V H is, very importantly [R] , the absolute infimum of the reduced volume V among the set of all CMC states and Ω m = 8πGρ 3H 2 , to see that the measure of the density of mass ρ and the Hubble parameter H determine the deviation of the reduced volume from its absolute infimum and thus gives only V VH . For 8πGρ 3H 2 ∼ 0 we get in particular the approximation
This remarkable equation holds too asymptotically under fairly natural assumptions on the long time evolution of a general universe with matter (see next section). The FL equations are unable to determine V for the only reason that those equations are invariant under coverings, i.e. they are the same for cosmologies which are obtained as the the lift of a given solution in Σ × R into a manifold Σ × R whereΣ is a topological cover of Σ. The topology must be detected by other means.
4 Gravitational energy and the weak ADM limit.
We recall that the Hessian of the ADM energy around the flat Minkowski space time takes the expression (see for instance [J-B])
where T T means transverse-traceless with respect to the flat coordinate metric.
Definition 5 We define the CMC global energy
4 as
It is the reduced volume up to a H and up to the subtraction of VH H and therefore positive unless the solution is the flat cone solution. The Hessian of the reduced volume was calculated in [F-M1] . We include here basically their analysis for the sake of completeness and clarity. The expression we will find for the Hessian of the CMC energy in the limit when k → 0 is locally the same as equation 55, the precise expression is
where the background state is (
We thus see the local vanishing of the third term on the right hand side when H → 0. The calculation of the Hessian is as follows. In terms of conformal variables, a state (g, K) is written as
Where g Y is a Yamabe metric of constant scalar curvature
andK Y is a transverse traceless tensor with respect to g Y . The conformal factor ϕ must satisfy the Lichnerowicz equation
We will take derivatives along a path (g, K)(λ) with (g, K)(0) = (
k g H ), which in turn can be seen as a path (g Y , K Y , ϕ)(λ). Note that ϕ(0) = 1. Recalling the derivative of the Laplacian ( [Besse] )
the first derivative at λ = 0 of the Lichnerowicz equation is (we are assuming δ (1) ρ = 0)
4 The definition of total energy given here is just a convention.
which shows that ϕ ′ (0) = 0 identically. Using that fact we get
Integrating the Lichnerowicz equation and differentiating the integral equation twice gives
from which we get
Now let's compute the second term in equation 63. First we note that
To compute tr gY g ′′ Y we will use the variation formula for the scalar curvature. As the metrics g Y are Yamabe of scalar curvature −6
Integrating we get
for all λ. Differentiating again at λ = 0 we get
The Ricci curvature at λ = 0 is Ric = −2k 2 9 g H . Also the functional derivative of Ricci is
Observe that from equation 67 we have tr g(0) g ′ (0) = 0. ∆ L is the Lichnerowicz laplacian and has the expression [Besse]
Using both facts and also that g ′ is taken to be transverse we get from equation 69 that
To compute the Lichnerowicz laplacian we remember that the sectional curvature of g (0) is −
at λ = 0. Using the previous equation in equation 72, we get the result of equation 57 after putting together equations 66, 64, 63.
Let's argument on the gravitational behavior of the total energy E (CMC) . A computation gives
where σ = − ln −k is the logarithmic time. We see that if the pressure 3p and the gravitational energy |K| 2 4πG decay faster than ρ and if the total energy E converges (so some sequence of derivatives tend to zero) then
the total mass. This is the same equation as 54. This is however a standard assumption on averaged matter. In an precise model of the actual universe non of ρ, p or |K| vanish as there is nonzero density, pressure and gravitational energy |K| 2 (for instance from black hole rotation) around galaxies. If one assumes them to decay outside balls enclosing each one of the galaxies then an application of the Gauss theorem on the Poisson equation for the potential φ gives also to E the asymptotic value of m after a sufficiently long time. Whether we are that far in the evolution of the universe is a crucial and delicate problem. We will use the total energy in next section to estimate the evolution of the kinetic gravitational energy in the long time.
5 Long time smoothing and estimates on the gravitational energy.
We will use the notation H s for the Sobolev space with s derivatives and H s gH for the Sobolev space where the norms and covariant derivatives are calculated via g H . We will prove here theorem 1. The proof is a natural extension of the analysis in [A-M].
Proof of theorem 1 We start by recalling a result from [A-M] that will be useful to prove items 1 and 2 in theorem 1.
Lemma 1 1 Let Σ be a compact and rigid hyperbolic manifold. There are C and ǫ 0 such that if a cosmologically normalized CMC state (g, K), where g is harmonic with respect to g H , is ǫ-close to
We get therefore the elliptic estimate for the Newtonian potential φ =N = k 2 N 3 − 1 from the lapse equation
To extract conclusions on the decay of the Sobolev norms of the cosmologically normalized states we will make use of the fact proved in [R] that under the conditions of the last lemma, ǫ 0 andẼ i−1 controls the difference of the states in H 
with c a constant greater than zero. It follows therefore thatẼ 1 decays faster than the solution x(σ)
to the following ordinary differential equation and same initial condition
This is a Bernoulli type of equation that can be solved by making the change of variables v = x − 1 2 which gives the differential equation
having the solution v = 1 2 + Ae σ . This implies that
which results in the following decay ofẼ 1
Observe that if σ 0 is big enough then we get the bound
Now we prove item 1 in theorem 1. From the Gauss equation and Lemma 1 and the above estimate forẼ 1 we get an evolution equation forQ 0 of the form
where h(σ) is a function which is bounded in absolute value by
Therefore we get the following expression forQ 0
Clearly the integral in h has a limit when σ → ∞. If the term in parenthesis on the right hand side has limit different than zero then we are done as then
Let's see that the limit cannot be zero. If that happens then we have for all σ
The integral is negative for all σ (Q 0 is positive) and goes to zero as σ → ∞. Then there is a diverging sequence {σ i } such that for all σ ≥ σ i we have
making theñ
for all σ ≥ σ i . Using again the Gauss equation, Lemma 1 and the estimate above we get an evolution equation forQ 0 (σ) of the same form as in equation 85 with h instead bounded in absolute value by 3(σ−σi) . It thus gives an expression forQ 0 of the form
To see that lim σ→∞Q0 e 2σ > 0 we note the following bound for the integral term in the equation 92
which tends to zero as σ i → ∞. This is a contradiction, thus the limit must be positive.
Item 2. Now we prove item 2. By induction we will be able to get an equation forẼ i (σ) of the form
where h ′ (σ) and h(σ) are functions bounded in absolute value by C ′ σ n ′ e −σ and Cσ n e −σ for some C ′ , C and n ′ , n constants. It follows after making the change of variable v =Q 1 2 i thatQ i can be bounded by an expression of the form
for some constant C.
Lemma 2 Suppose that a solution to the CMC flow (g, K) has
for j = 0, . . . , i ≥ 1, thenQ i+1 satisfyies an equation of the form 94 and therefore satisfyies an asymptotic of the form 96 for j = i + 1.
Proof: We start with the differential inequality forQ i .
A useful trick for the calculations that follow is to write
where the β inside the derivative on the right hand side is taken constant equal to its value at the time of differentiation. Thus we are calculating the k-derivative of the cosmologically scaled solution at k = −3. Putting all together we get
We are going to study the derivatives dQi dk of perturbation of the canonical flat cone state (g H , −g H ) at k = −3. From the Gauss equation we have
We will say that a term is an O(σ) if it can be bounded in absolute value by a term of the form Cσ n e −σ for some natural number n. Let's start by analyzing the first term on the right hand side of equation 100. Makinĝ
we get
Using Lemma 1 and the estimate onẼ 1 above we get the term
Now we estimate the second term in equation 100, and therefore we need estimates ofJ andJ * . We will do the calculations only for J, those for J * proceed in exactly the same way. We note first the following inductive formula for J
As said above and as we will explain in a moment all other terms are going to count as O(σ) or
i therefore we would get, putting equations 99,104 and the last estimate together we get
as we wanted in the induction. To discuss the other terms then we start by recalling some propositions from [R] restated in a different form for convenience of the article. 
are controlled by
i ≥ 0.
where the first sum is among the set k ≤ i+h−1, m 1 ≥ . . . ≥ m s ≥ 1 and j n j (1+m j )+l+k = i+h, while the second is among the setm 1 ≥ . . . ≥m s ≥ 1 and jñ j (1 +m j ) +k +l + q = i + h − 1. Now we prove the following Lemma.
Lemma 5 Let (g, K) be a CMC solution. Suppose for a given value of i there are n i and C i such
2. There are n
Proof 
with q ≤ i − 1. Now Sobolev embeddings give
where the factors on the right are controlled by Lemma 3. The factors (∇ T T ) ∼ are controlled in H 2 gH by Lemma 3. Finally the proof of part 2. is the same as above after using formulas 116, 117. 2
The terms in 2, 3, 4 on the induction formula for J other than the ones already considered in 
where the first sum is among the set m 1 ≥ . . . ≥ m s ≥ 1 and j n j (1 + m j ) + l + k = i + j, while the second is among the setm 1 ≥ . . . ≥m s ≥ 1 and jñ j (1 +m j ) +k +l + q = i + j − 1, which can be easily proved by induction by using equation
This finishes the induction in Lemma 2.
2.
Items 3 and 4. The estimate from above in item 4 comes from Lemma 1. The item 3 or the estimate from below is more involved, the argument is as follows. First we prove the next lemma Lemma 6 For any ǫ > 0 there is a ball B (gH ,−gH ) (δ) of cosmologically scaled states in
We can prove item 3 by making use of the Lemma 6. First the derivative of the reduced volume
If we integrate it from σ to ∞ and use lemma 6 above we get the following inequality
Making U = ∞ σ ( Σ |K| 2 dvg)dσ the inequality 127 is written as
which after integration gives the left hand side inequality in item 3.
Proof of Lemma 6. First we note that the estimate forÑ − 1 3 is deduced from Lemma 1. For the second estimate it may be deduced from the calculation of the Hessian of the energy that we did before, however we will follow a direct estimate from the Lichnerowicz equation. We argue as follows.
Say g = φ 4 g Y where g Y is the unique metric in the conformal class of g having scalar curvature −6.
Then φ satisfyies
The maximum principle gives φ ≥ 1. Makingφ = φ − 1 rewrite equation 129 as
At the point where φ orφ is maximum we havē φ ≤ 1 12
Also note that
which gives
Writing φ 6 − 1 = (φ − 1)(φ 5 + φ 4 + φ 3 + φ 2 + φ + 1) we get
Integrating equation 129 we get
Under the assumptions we have and using equation 132 we can get from equation 136 above the inequality 6(4 + ǫ)
which together with equation 133 gives the inequality
as desired.
2.
